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Abstract
Let Cay(G, S) be a connected tetravalent Cayley graph on a regular p-groupG and let Aut(G) be the
automorphism group of G. In this paper, it is proved that, for each prime p = 2, 5, the automorphism
group of the Cayley graph Cay(G, S) is the semidirect product R(G)Aut(G, S) where R(G) is the
right regular representation of G and Aut(G, S) = { ∈ Aut(G)|S = S}. The proof depends on the
classiﬁcation of ﬁnite simple groups. This implies that if p = 2, 5 then the Cayley graph Cay(G, S)
is normal, namely, the automorphism group of Cay(G, S) contains R(G) as a normal subgroup.
© 2005 Elsevier B.V. All rights reserved.
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1. Introduction
Throughout this paper, graphs or digraphs (directed graphs) are ﬁnite and simple. For a
graph or digraph X, we denote by V (X), E(X) and Aut(X) the vertex set, the edge set and
the automorphism group of X, respectively, and X is said to be vertex-transitive if Aut(X)
is transitive on vertices.
Let p be a prime. A ﬁnite p-group P is called a regular p-group if for any two el-
ements x and y in P, there exist c1, c2, . . . , cr in the derived group 〈x, y〉′ such that
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(xy)p = xpypcp1 cp2 · · · cpr . The group P is said to be p-abelian if (xy)p = xpyp for any
two elements x and y in P. For a ﬁnite group G and a subset S of G such that 1 /∈ S,
the Cayley digraph Cay(G, S) on G with respect to S is deﬁned as the directed graph
with vertex set G and edge set {(g, sg) | g ∈ G, s ∈ S}. If S is symmetric, that is, if
S−1={s−1 | s ∈ S} is equal to S, then Cay(G, S), now called aCayley graph onG, is viewed
as an undirected graph by identifying two oppositely directed edges with one undirected
edge. The Cayley digraph (graph) Cay(G, S) is vertex-transitive since it admits the right
regular representation R(G) of G, the representation of G acting by right multiplication, as
a subgroup of the automorphism group Aut(Cay(G, S)). Clearly, R(G) acts regularly on
vertices, that is, R(G) is transitive on vertices and only the identity element of R(G) ﬁxes
a vertex. Furthermore, the group Aut(G, S) = { ∈ Aut(G) |S = S} is also a subgroup
of Aut(Cay(G, S)). Actually, Aut(G, S) is a subgroup of Aut(Cay(G, S))1, the stabilizer
of the vertex 1 in Aut(Cay(G, S)). A graph X is isomorphic to a Cayley graph on G if and
only if its automorphism group Aut(X) has a subgroup isomorphic to G, acting regularly
on vertices (see [4, Lemma 16.3] or [21, Lemma 4]).
A Cayley digraph (graph) Cay(G, S) is said to be normal on G if the right regular
representation R(G) of G is normal in Aut(Cay(G, S)). Let NAut(Cay(G,S))(R(G)) be the
normalizer ofR(G) in Aut(Cay(G, S)). By Godsil [12] or Xu [26],NAut(Cay(G,S))(R(G))=
R(G)Aut(G, S). Thus, Cay(G, S) is normal on G if and only if Aut(Cay(G, S)) =
R(G)Aut(G, S). If NAut(Cay(G,S))(R(G)) is transitive on edges then Cay(G, S) is called
a normal edge-transitive Cayley digraph (graph) by Praeger [19]. Clearly, if Cay(G, S) is
normal on G and edge-transitive then it is normal edge-transitive. Note that being a normal
Cayley graph is not invariant under graph isomorphism, and so strictly depends upon which
group the graph is a Cayley graph on. For example, the three-dimensional hypercube Q3 is
a Cayley graph on either the group Z2 ×Z2 ×Z2 or the group Z4 ×Z2. The Cayley graph
on the ﬁrst group is normal, but the Cayley graph on the second group is not.
In most situations, it is difﬁcult to determine the normality of Cayley digraphs (graphs).
Let p and q be distinct primes. The known groups for which complete information about
the normality of Cayley digraphs is available, are the cyclic groups of order p [1], the cyclic
groups of order p2 or pq [15], the cyclic groups of odd prime power order [16], and the
groups of order 2p or p2 [6,7]. Wang et al. [24] obtained all disconnected normal Cayley
digraphs. Praeger [19] proved that a connected normal edge-transitive cubic Cayley graph
on a non-abelian simple group is normal, and Fang et al. [8] proved that the vast majority
of connected cubic Cayley graphs on non-abelian simple groups are normal. Li [17] proved
that all connected 2-valent Cayley digraphs on linear groups PSL(2, q) are normal, and
Feng et al. [10] determined all connected 2-valent non-normal Cayley digraphs of order
2p2 for each prime p. It was shown in [2,3,9] that most connected Cayley graphs of small
valency on abelian groups are normal, and that all connected tetravalent Cayley graphs on
p-groups of nilpotency class 2 with p an odd prime are normal. Feng et al. [11] classiﬁed
connected 2-valent non-normal Cayley digraphs on a regular p-group. In this paper, we
shall prove that all connected tetravalent Cayley graphs on a regular p-group are normal
except when p = 2 or 5. The proof depends on the classiﬁcation of ﬁnite simple groups. As
an immediate corollary, all connected tetravalent Cayley graphs on a p-group of order pn
with np are normal except when p = 5.
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2. Preliminaries
We start by stating some group-theoretic results.
Proposition 2.1 (Wielandt [25, Theorem 3.4]). Let G be a permutation group on  and
 ∈ . Let p be a prime number, pm a divisor of |G|, and P a Sylow p-subgroup of G.
Then pm is also a divisor of |P |.
The Frattini subgroup (G) of a ﬁnite group G is deﬁned to be the intersection of all
maximal subgroups. Clearly, (G) is characteristic in G. An element g of G is called a
non-generator of G if G = 〈T , g〉 always implies G = 〈T 〉 when T is a subset of G.
Proposition 2.2 (Robinson [20, Theorem 5.2.12]). For any ﬁnite group G, (G) equals
the set of non-generators of G.
Let G be a group and H a subgroup of G. Recall that we denote by NG(H) the normalizer
of H in G.
Proposition 2.3 (Suzuki [23, Chapter 2, Theorem 1.6]). Let G be a p-group andH a proper
subgroup of G. Then, NG(H) is strictly larger than H, that is, NG(H) = H .
The following proposition is about regular 2-groups.
Proposition 2.4 (Huppert [14, III, Theorem 10.3]). Regular 2-groups are abelian.
Let X=Cay(G, S) be a Cayley graph on a ﬁnite group G and H a normal subgroup of G.
Let X be the quotient graph corresponding to the cosets of H in G, with two cosets adjacent
in X, whenever there is an edge between those cosets in X.
Proposition 2.5 (Praeger [19, Theorem 3]). The quotient graph X is a Cayley graph and
X = Cay(G/H, SH/H).
The following result provides information about the normality of connected tetravalent
Cayley graphs on abelian groups of odd order.
Proposition 2.6 (Baik et al. [3, Theorem 1.2]). Let Cay(G, S) be a connected tetravalent
Cayley graph on an abelian group G of odd order. Then Cay(G, S) is normal on G unless
G is the cyclic group Z5 and Cay(G, S) is the complete graph K5 of order 5.
3. Main result
The main purpose of this paper is to prove the following theorem.
Theorem 3.1. Let p be a prime and G a regular p-group with p = 2, 5. LetX=Cay(G, S)
be a connected tetravalent Cayley graph on G. Then we have Aut(Cay(G, S)) = R(G)
Aut(G, S).
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By Proposition 2.4, a regular 2-group is abelian and by Feng et al. [3] there are inﬁnitely
many connected tetravalent Cayley graphs on abelian 2-groups that are not normal. Clearly,
Z5 is a regular 5-group and the tetravalent Cayley graph on Z5 is the complete graph K5,
which is not normal on Z5. In fact, by using regular coverings of K5 (for a method see
[18]), one may construct inﬁnitely many tetravalent Cayley graphs on 5-groups that are not
normal. It follows that Theorem 3.1 is not true for p = 2 or 5.
By Huppert [14, III, Theorem 10.2], a p-group of order pn with np is regular. The
following corollary is straightforward.
Corollary 3.2. Let G be a p-group of order pn with np. Then all connected tetravalent
Cayley graphs on G are normal except when p = 5.
Let G=〈a, b, c|a9 =b3 = c3 =1, [a, b]=a3, [a, c]=b, [b, c]=1〉 and S ={a, ac, a−1,
(ac)−1}. By [9, Example 3.1], Aut(Cay(G, S)) has order 24 ·81 and hence Aut(Cay(G, S))1
is not faithful on S. It follows that Cay(G, S) is not normal on G, implying the bound np
in Corollary 3.2 is sharp for p = 3.
Proof of Theorem 3.1. Recall that Aut(Cay(G, S)) = R(G)Aut(G, S) if and only if
Cay(G, S) is normal on G. By contradiction, let G be a minimal counterexample, that is,
let G be a regular p-group (p = 2, 5) of smallest order such that there exists a subset
S ={a, a−1, b, b−1} with X=Cay(G, S) a connected non-normal tetravalent Cayley graph
on G. Let A = Aut(X).
SinceX is connected, 〈a, b〉=G and sinceX has valency 4, the stabilizerA1 of the vertex 1
inA is a {2, 3}-group. Thus, the right regular representationR(G) ofG is a Sylow p-subgroup
ofA when p = 3. We claim that this is also true for p=3. Suppose to the contrary that there
is a Sylow 3-subgroup, say P, of A such that R(G)P and R(G) = P . By Proposition
2.3, |NA(R(G)) : R(G)| is divisible by 3 and since NA(R(G)) = R(G)Aut(G, S), there
exists an element  of order 3 in Aut(G, S). Then |S| = 4 implies that  ﬁxes an element
in S, say a. Consequently,  ﬁxes a−1. Since a, a−1 ∈ S and a = a−1, we have that  ﬁxes
S pointwise and hence 〈S 〉 = G implies  = 1, a contradiction. Thus, R(G) is a Sylow
p-subgroup of A.
Let N be a minimal normal subgroup of A = Aut(X). Then there is a simple group T
such that N = T1 × T2 × · · · × Ts , where s1 and TiT . Note that T is a {2, 3, p}-group.
Clearly, if T is abelian then N is an elementary abelian p-group. If T is non-abelian then, by
[13, pp. 12–14], T is one of the following (recall p = 5):
L2(7), L2(8), L2(17), L3(3) and U3(3)
with p = 7, 13, or 17. Note that the classiﬁcation of ﬁnite simple groups is being used for
this result. Checking the orders of these groups in the atlas [5], we have that p2  |T |. Thus,
we always have that the Sylow p-subgroups of N are elementary abelian.
LetB= {B1, B2, . . . , Bm} be the set of orbits of N on V (X). By the normality of N in A
we have that m and |Bi | (1 im) are powers of p. Recall that the Sylow p-subgroups of
N are elementary abelian. Since R(G) is a Sylow p-subgroup of A, N ∩ R(G) is a Sylow
358 Y.-Q. Feng, M.-Y. Xu /Discrete Mathematics 305 (2005) 354–360
p-subgroup of N and hence N ∩R(G) is elementary abelian. By Proposition 2.1, N ∩R(G)
is transitive onBi and sinceR(G) acts regularly on vertices of Xwe have |N∩R(G)|=|Bi |.
Let N ∩ R(G) = R(H) = {R(h) |h ∈ H } for some elementary abelian subgroup H of G.
SinceR(H)=N ∩R(G)R(G),HG. Thus,Bi is just a coset ofH inG for each 1 im
because |Bi | = |H |. Let X be the quotient graph corresponding to the cosets of H in G,
with two cosets adjacent in X whenever there is an edge between those cosets in X. By
Proposition 2.5, we have X = Cay(G, S), where G = G/H and S = {sH | s ∈ S}.
If m = 1, then N is transitive on V (X). It follows that N ∩ R(G) = R(G) and hence
R(G) is elementary abelian. Since p = 2, 5, Proposition 2.6 implies that X is normal on G,
a contradiction.
Thus, we may assumem2. LetK be the kernel ofA onB. That is,K={a ∈ A | a(Bi)=
Bi, 1 im}. Since p is odd, there are at least three elements inB, that is, m=|V (X)|3.
Since m is odd, the valency v(X) of X could not be 3 and hence v(X)= 2 or 4. If v(X)= 4
then the induced subgraph between any two given adjacent blocks is a perfect matching.
Let K1 be the stabilizer of the vertex 1 in K. Then K1 ﬁxes the neighborhood N(1) of 1 in X
pointwise. Since X is connected, K1 ﬁxes each vertex in X. Thus, K1 =1, so K acts regularly
on each Bi , meaning N ∩ R(G) = K ∩ R(G) = K = N = R(H). Since N is non-trivial
we have |Bi | = |H |> 1. It follows that |G/H |< |G| and the minimality of G implies that
Cay(G, S) is normal on G. Hence R(G/H)Aut(X). Since A/R(H)Aut(X) we have
R(G/H)A/R(H), which implies R(G)A, a contradiction.
We may now assume that v(X)=2. ThenX is a cycle of lengthm andG=G/H is a cyclic
group of order m where m is a power of p, which forces that G′H . Since H is elementary
abelian, each non-trivial element of G′ has order p. By deﬁnition, since G is a regular p-
group, G is p-abelian, that is, for any x, y ∈ G, (xy)p = xpyp. For g ∈ G, denote by Kg
the stabilizer of g in K and K∗g the pointwise stabilizer of the set {g, ag, a−1g, bg, b−1g},
that is, the vertex g and its neighborhood. We now consider two cases.
Case I: there are some edges inside the blocks.
In this case one of the generators {a, b} is in H and the other is not. We may assume that
a ∈ H and b /∈H . Thus, the induced subgraph between any two given adjacent blocks is a
perfect matching and the induced subgraph in a block is a union of several p-cycles because
H is elementary abelian.
Denote by (g, s1, s2, . . . , s) thewalk (g, s1g, s2s1g, . . . , s . . . s2s1g) inX, where si ∈ S.
A similar notation is used for paths and cycles in X. Consider the paths of length 2p − 1
from 1 to bp−1 of the form (1, a±1, b, a±1, . . . , b, a±1). We claim that there are only two
such paths, namely, (1, a, b, a, b, . . . , b, a) and (1, a−1, b, a−1, . . . , b, a−1).
First, the above twopaths really are paths from1 tobp−1. SinceG isp-abelian,a(ba)p−1=
b−1(ba)p =b−1bpap =bp−1, which implies that the path (1, a, b, a, b, . . . , b, a) of length
2p − 1 is from 1 to bp−1. Similarly, the path (1, a−1, b, a−1, . . . , b, a−1) of length 2p − 1
is also from 1 to bp−1.
Next, we show that no other path of the form (1, ai1 , b, ai2 , . . . , b, aip ), where ij = ±1
(1jp), can end at bp−1. As p is odd, any such path must also satisfy 1 |i1 + i2 +
· · · + ip|<p. Suppose to the contrary that aipbaip−1b · · · bai1 = bp−1, where b appears
(p − 1) times on the left side of the equation and 1 |i1 + i2 + · · · + ip|<p. By Scott
[22, Theorem 7.3.4], the commutator subgroup of G is contained in the Frattini subgroup
(G) of G. Hence, G/(G) is abelian, and so aipbaip−1b · · · bai1(G) = bp−1(G)
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and aipbaip−1b · · · bai1(G)= bp−1ai1+i2+···+ip(G). It follows that ai1+i2+···+ip(G)=
(G), that is, ai1+i2+···+ip ∈ (G). Since 1 |i1 + i2 + · · · + ip|<p we have a ∈ (G)
and by Proposition 2.2, G = 〈a, b〉 = 〈b〉. Thus, G is cyclic and by Proposition 2.6,
X is normal on G, a contradiction.
Since the induced subgraph between any two given adjacent blocks is a perfect match-
ing, K∗1 ﬁxes bn for any n. In particular, K∗1 ﬁxes bp−1 and hence it ﬁxes the two paths
(1, a, b, a, b, . . . , b, a) and (1, a−1, b, a−1, . . . , b, a−1) pointwise. It follows that K∗1 ﬁxes
the two vertices adjacent to bp−1 in the block bp−1H , that is, abp−1 and a−1bp−1. Thus,
K∗1 ﬁxes bp−1 and each vertex in its neighborhood, that is, K∗1 K∗bp−1 . By the transitivity
of X we have K∗1 = K∗bp−1 , and since R(G)Aut(X), it follows that K∗1 = K∗bi(p−1) for any
integer i. Since (p − 1, p) = 1, there are positive integers t1 and t2 such that bt1(p−1) = b
and bt2(p−1) = b−1. Thus, K∗1 = K∗b = K∗b−1 . On the other hand, it is easy to see that
K∗1 = K∗a = K∗a−1 . Consequently, K∗1 ﬁxes the vertices at distance 2 from 1. Since X is
connected, K∗1 = 1. Let K{1,a} be the subgroup of K1 ﬁxing a. Clearly, K{1,a} ﬁxes b and
b−1, implying that K{1,a} = K∗1 = 1. Since |K1 : K{1,a}|2 we have |K1|2.
Note that A/KAut(X) and Aut(X)D2m. By the transitivity of A/K on V (X), we
have A/KZm or D2m because m is odd. Then A has a normal subgroup, say M, of index
1 or 2 such that M/KZm. Let P be a Sylow p-subgroup of M. Then it is also a Sylow
p-subgroup of A. Since |K1|2 we have |K| = |H | or 2|H |, and hence |M| = |P | or 2|P |
because m is a power of p. Thus, PM and so PM , that is, P is characteristic in M. It
follows that PA because MA. Since R(G) = P we have that R(G) is normal in A, a
contradiction.
Case II: there are no edges inside the blocks.
In this case, neither of the two generators a and b is in H. Since X is a cycle, aH = bH
or aH = b−1H . Without loss of generality, we may assume that aH = bH . Let c = b−1a.
Then c ∈ H . Since H is elementary abelian, cp = 1. Thus, ap = bp. The induced subgraph
between the two adjacent blocks H and aH has valency 2 and so it is a union of several
cycles. In fact, the cycle passing through the vertex 1 is C = (1, a, b−1, a, b−1, . . . , a, b−1)
of length 2p because (b−1a)p = b−pap = 1.
Clearly, K1 ﬁxes the cycle C setwise and so it ﬁxes ac(p−1)/2, the antipodal vertex to the
vertex 1 in C. Thus, K1 =Kac(p−1)/2 . Since R(G)Aut(X) and (ac(p−1)/2)p =ap, we have
K1 = Kap .
On the other hand, a similar argument as in Case I shows that there are only two paths of
length p from 1 to ap = bp, that is, (1, a, a, . . . , a) and (1, b, b, . . . , b) of length p. Thus,
K∗1 ﬁxes these two paths pointwise because K∗1 ﬁxes 1, a, b and ap. This implies that K∗1
ﬁxes the neighborhoods of ai and bi pointwise for each 1 i <p. Consequently, we have
K∗1 =K∗ai =K∗bi for 1 i <p. This is also true for any integer i because R(G)Aut(X). In
particular,K∗1 =K∗a =K∗b =K∗a−1 =K∗b−1 . This means thatK∗1 ﬁxes each vertex at distance 2
from the vertex 1. Since X is connected, K∗1 =1 and hence K∗g =1 for any g ∈ G. Let K{1,a}
be the pointwise stabilizer of the set {1, a} in K. Then K{1,a} ﬁxes ap and so it ﬁxes the two
paths (1, a, a, . . . , a) and (1, b, b, . . . , b) of length p pointwise. Thus, K{1,a}K∗a = 1 and
so |K1|2. A similar argument as in the last paragraph of Case I shows that A has a single
normal Sylow p-subgroup. Thus, R(G)A, a contradiction. 
360 Y.-Q. Feng, M.-Y. Xu /Discrete Mathematics 305 (2005) 354–360
References
[1] B. Alspach, Point-symmetric graphs and digraphs of prime order and transitive permutation groups of prime
degree, J. Combin. Theory 15 (1973) 12–17.
[2] Y.G. Baik, Y.-Q. Feng, H.S. Sim, The normality of Cayley graphs of ﬁnite Abelian groups with valency 5,
Systems Sci. Math. Sci. 13 (2000) 425–431.
[3] Y.G. Baik, Y.-Q. Feng, H.S. Sim, M.Y. Xu, On the normality of Cayley graphs of Abelian groups, Algebra
Colloq. 5 (1998) 297–304.
[4] N. Biggs, Algebraic Graph Theory, second ed., Cambridge University Press, Cambridge, 1993.
[5] J.H. Conway, R.T. Curtis, S.P. Norton, R.A. Parker, R.A. Wilson, Atlas of Finite Groups,
Oxford University Press, Oxford, 1985 (Currently available on the world-wide web at the URL
<http://web.mat.bham.ac.uk/atlas/v2.0/>)
[6] E. Dobson, D. Witte, Transitive permutation groups of prime-squared degree, J. Algebraic Combin. 16 (2002)
43–69.
[7] S.F. Du, R.J. Wang, M.Y. Xu, On the normality of Cayley digraphs of order twice a prime, Australasian J.
Combin. 18 (1998) 227–234.
[8] X.G. Fang, C.H. Li, J. Wang, M.Y. Xu, On cubic Cayley graphs of ﬁnite simple groups, Discrete Math. 244
(2002) 67–75.
[9] Y.-Q. Feng, J.H. Kwak, R.J. Wang, Automorphism groups of 4-valent connected Cayley graphs of p-groups,
Chinese Ann. Math. 22B (2001) 281–286.
[10] Y.-Q. Feng, D.J. Wang, J.L. Chen, A family of nonnormal Cayley digraphs, Acta Math. Sinica (N.S.) 17
(2001) 147–152.
[11] Y.-Q. Feng, R.J. Wang, M.Y. Xu, Automorphism groups of 2-valent connected Cayley digraphs on regular
p-groups, Graphs Combin. 18 (2002) 253–257.
[12] C.D. Godsil, On the full automorphism group of a graph, Combinatorica 1 (1981) 243–256.
[13] D. Gorenstein, Finite Simple Groups, Plenum Press, New York, 1982.
[14] B. Huppert, Endliche gruppen I, Springer, Berlin, 1979.
[15] R.H. Klin, R. Pöschel, The König problem, the isomorphism problem for circulant graphs and the method of
Schur, Proceedings of the International Colloquium on Algebraic Methods in Graph Theory, Szeged, 1978,
Coll. Mat. Soc. János Bolyai 27.
[16] M.Ch. Klin, R. Pöschel, The isomorphism problem for circulant graphs with pn vertices, Preprint P-34/80
ZIMM, Berlin, 1980.
[17] C.H. Li, On isomorphisms of connected Cayley graphs III, Bull. Austral. Math. Soc. 58 (1998) 137–145.
[18] A. Malnicˇ, Group actions, coverings and lifts of automorphisms, Discrete Math. 182 (1998) 203–218.
[19] C.E. Praeger, Finite normal edge-transitive graphs, Bull. Austral. Math. Soc. 60 (1999) 207–220.
[20] D.J. Robinson, A Course in the Theory of Groups, Springer, New York, 1982.
[21] G. Sabidussi, On a class of ﬁxed-point-free graphs, Proc. Amer. Math. Soc. 9 (1958) 800–804.
[22] W.R. Scott, Group Theory, Dover Press, New York, 1987.
[23] M. Suzuki, Group Theory I, Springer, New York, 1982.
[24] C.Q. Wang, D.J. Wang, M.Y. Xu, On normal Cayley graphs of ﬁnite groups, Sci. China(A) 28 (1998)
131–139.
[25] H. Wielandt, Finite Permutation Groups, Academic Press, New York, 1964.
[26] M.Y. Xu, Automorphism groups and isomorphisms of Cayley digraphs, Discrete Math. 182 (1998) 309–319.
